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Abstract 

In this paper, we investigate a special kind of optimization with fuzzy relational inequalities 

constraints where a continuous t-norm is considered as the fuzzy composition and the objective 

function can be expressed as )()()( 21 xhxhxf   in which )(1 xh  and )(2 xh  are increasing and 

decreasing functions, respectively, and   is a commutative and monotone binary operator. Some 

basic properties have been extended a necessary and sufficient condition is presented to realize the 

feasibility of the problem. Also, an algorithm is given to optimize the objective function on the 

region of the FRI constraints. Finally, five examples are appended with two continuous t-norms, 

Lukasiewicz and Yager, and different objective functions, for illustrating. 

Keywords: Fuzzy Relational Equations; Fuzzy Relational Inequalities; Fuzzy Compositions; T-

norms 
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Introduction  

In this paper, we study the following 

nonlinear problem: 

1 2

1

2

min ( ) ( ) ( )

[0,1]n

f x h x h x

Ao x b

Do x b

x

  







 (1) 

 where 1h
 is an increasing function, 2h

 is a 

decreasing function   is a commutative and 

monotone binary operator. Also, 

},...,2,1{1 mI  , },...,2,1{2 lmmmI  , 

},...,2,1{ nJ  . nmijaA  )(
, nlijdD  )(

 are 

fuzzy matrices such that 
10  ija

, 1Ii  

and Jj , 
10  ijd

 , 2Ii and Jj

. 
1 1

1( )i mb b 
 and 

2 2

1( )i lb b 
 are fuzzy 

vectors such that 
10 1ib 

, 1Ii  and 
20 1ib 

, 2Ii , and " o " denotes a 

continuous t-norm.  

If ia
 and id

 are the i ’th row of matrix A  and 

D , respectively, then problem (1) can be 

expressed as follows: 

1 2

1

1

2

2

min ( ) ( ) ( )

[0,1]

i i

i i

n

f x h x h x

a o x b i I

d o x b i I

x

  

 

 

                          

 (2) 

where the constraints mean:  

  1

1
max ( , )

n

i ij j i
j

a o x t a x b


                            (3) 

  2

1
max ( , )

n

i ij j i
j

d o x t d x b


 
                      

 (4) 

Fuzzy relational equations (FRE) and 

inequalities (FRI) have been studied by many 

researchers since the resolution of FRE was 

proposed by Sanchez [1,2]. Nowadays, it is 

well-known that many issues associated with 

a body knowledge can be treated as FRE 

problems [3]. In addition to such applications, 

FRE theory has been applied in many fields 

including fuzzy control, discrete dynamic 

systems, prediction of fuzzy systems, fuzzy 

decision making, fuzzy pattern recognition, 

fuzzy clustering and so on. Generally, when 

inference rules and their consequences are 

known, the problem of determining 

antecedents is reduced to solving and FRE 

[4]. Pedrycz [5] categorized FRE problems in 

terms of sets under discussion and different 

operations. Since then, many theoretical 

improvements have been investigated and 

many applications have been presented [6-

16]. In [17] the author demonstrates how 

problems of interpolation and approximation 

of fuzzy functions are converted with 

solvability of systems of FRE. Also, various 

types of FRE with continuous triangular 

norms were used in applied topics [18,19,20]. 

For example, in [18], the image was divided in 

blocks and then the FRE with a t-norm were 

utilized for compressing each block where 

results obtained using the Lukasiewicz t-

norm.  

The solvability and the finding of 

solutions set are the primary (and the most 

fundamental) subject concerning FRE 

problems. Many studies have reported fuzzy 

relational equations with max-min and max-

product compositions. Both compositions are 

special cases of the max-triangular-norm 

(max-t-norm). If a FRE problem (defined by a 

continuous t-norm) is nonempty, its feasible 
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solutions set are often a non-convex set 

including one maximum solution and a finite 

number of minimal solutions [21]. This non-

convexity property is one of two bottlenecks 

making major contribution to the increase in 

complexity of problems that are related to 

FRE, especially in the optimization problems 

subjected to a system of fuzzy relations. On 

the other hand, Chen and Wang [22,23] 

proved that a polynomial-time algorithm to 

find all minimal solutions of FRE (with max-

min compositions) may not exist. Also, 

Markovskii showed that solving max-product 

FRE is closely related to the covering problem 

which is an NP-hard problem [24]. In fact, the 

same result holds true for more general t-

norms instead of the minimum and product 

operators [25,26]. Over the last decades, the 

solvability of FRE defined with different max-

t compositions has been investigated by many 

researches [27-36].  

Optimizing an objective function 

subjected to a system of fuzzy relational 

equations or inequalities (FRI) is one of the 

most interesting and on-going topics among 

the problems related to the FRE (or FRI) 

theory [37-55,8,9]. By far the most frequently 

studied aspect is the determination of a 

minimizer of a linear objective function and 

the use of the max-min composition [37,56]. 

So, it is an almost standard approach to 

translate this type of problem into a 

corresponding 0-1 integer linear 

programming problem, which is then solved 

using a branch and bound method [57,58]. In 

[59] an application of optimizing the linear 

objective with max-min composition was 

employed for the streaming media provider 

seeking a minimum cost while fulfilling the 

requirements assumed by a three-tier 

framework. The topic of the linear 

optimization problem was also investigated 

with max-product operation [39,49,60]. 

Moreover, some studies have determined a 

more general operator of linear optimization 

with replacement of max-min and max-

product compositions with a max-t-norm 

composition [44,48,52,54], max-average 

composition [61,55] or max-star composition 

[42].  

Recently, many interesting 

generalizations of the linear and non-linear 

programming problems constrained by FRE 

or FRI have been introduced and developed 

based on composite operations and fuzzy 

relations used in the definition of the 

constraints, and some developments on the 

objective function of the problems [62-

66,40,53]. For instance, the linear 

optimization of bipolar FRE was studied by 

some researchers where FRE was defined 

with max-min composition [64] and max-

Lukasiewicz composition [65,53]. In [65] the 

authors introduced the optimization problem 

subjected to a system of bipolar FRE defined 

as 

( , , ) { [0,1] : }mX A A b x x A x A b      

 where 
1i ix x 

 for each component of 

1( )i mx x 
 and the notations ‘’  ’’’ and ‘’ ’’ 

denote max operation and the max-

Lukasiewicz composition, respectively. They 

translated the problem into a 0-1 integer 

linear programming problem which is then 

solved using well-developed techniques. In 

[53], the foregoing problem was solved by an 

analytical method based on the resolution 

and some structural properties of the feasible 

region. Ghodousian and khorram [41] studied 

a mixed fuzzy system formed by two fuzzy 

relational inequalities 
1A x b   and 

2D x b 
, where 


 is an operator with 

(closed) convex solutions. Yang [67] studied 
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the optimal solution of minimizing a linear 

objective function subject to fuzzy relational 

inequalities where the constraints defined as 

1 1 2 2 ...i i in n ia x a x a x b      
 for 1,...,i m  

and min{ , }a b a b  . In [40], the authors 

introduced FRI-FC problem 

min{ : , [0,1] }T nc x A x b x °
, where   is 

max-min composition and “ ° ” denotes the 

relaxed or fuzzy version of the ordinary 

inequality “ ”. 

Another interesting generalization of 

such optimization problems are related to 

objective function. A linear fractional 

programming problem was presented by Wu 

et al. [66] where FRE defined with max-

Archimedean t-norm composition. Dempe 

and Ruziyeva [62] generalized the fuzzy 

linear optimization problem by considering 

fuzzy coefficients. Dubey et al. studied linear 

programming problems involving interval 

uncertainty modeled using intuitionistic fuzzy 

set [63]. If the objective function is 

  
1

( ) max min ,
n

i i
i

z x c x



 with 

[0,1]ic 
, the 

model is called the latticized problem [68]. 

Also, Yang et al. [56] introduced another 

version of the latticized programming 

problem subject to max-prod fuzzy relation 

inequalities. On the other hand, Lu and Fang 

considered the single non-linear objective 

function and solved it with FRE constraints 

and max-min operator [69]. They proposed a 

genetic algorithm for solving the problem. 

Hassanzadeh et al. [51] used the same GA 

proposed by Lu and Fang to solve a similar 

nonlinear problem constrained by FRE and 

max-product operator. Ghodousian et. al. [46] 

presented a new genetic algorithm to solve 

nonlinear problem constrained by 

Lukasiewicz FRE.  

By considering },...,2,1{ nJ   

suppose that JJJ ,  such that 

 JJ   and JJJ  . Let 1nJ 
,

2nJ 
 and 

nJ 
 denote the cardinality 

of sets JJ  ,  and J , respectively. Moreover, 

consider 
},...,,{

121 njjjJ 
and 

},...,,{
221 njjjJ 

 in which 1
 kk jj

 for 

each 11 1  nk , and 1
 kk jj

 for each 

11 2  nk . Then,  

a) 
RRxxxh

n

jjj n


1

121
:),...,,(1  and 

RRxxxh
n

jjj n


2

221
:),...,,(2  are said to be 

two functions with distinct variables in J

. For example, 21211 ),( xxxxh  and 

43432 ),( xxxxh 
 are two functions 

with distinct variables in }4,3,2,1{J . 

b) 
RRxxxh

n

jjj n


1

121
:),...,,(1  is said to be an 

increasing function if 
),...,,(

1211 njjj xxxh 
 

is increasing with respect to each of its 

components, i.e. with respect to each jx
, 

Jj  .Similarly, 

RRxxxh
n

jjj n


2

221
:),...,,(2  is said to be a 

decreasing function if  

c) 
),...,,(

2212 njjj xxxh 
 is decreasing with 

respect to each of its components, i.e. with 

respect to each jx
, Jj  . Also, a 

function f  is said to be monotone if f  is 

either an increasing function or a 

decreasing function. 
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A function ]1,0[]1,0[: nf  is said to be a 

reducible function with monotone factors if 

and only if at least one of the following 

statements holds ; 

I. there exists an increasing function 

]1,0[]1,0[: 1

1 
n

h  such that nn 1  and 

fh 1 . In this case, f  has a single factor 

1h . 

II. there exists a decreasing function 

]1,0[]1,0[: 2

2 
n

h such that nn 2  and 

fh 2 . In this case, f  has a single factor 

2h . 

III. there exist an increasing function 

]1,0[]1,0[: 1

1 
n

h  and a decreasing 

function ]1,0[]1,0[: 2

2 
n

h  with distinct 

variables in J  such that 21 hhf   in 

which ]1,0[]1,0[: 2   is a commutative 

and monotone binary operator, i.e.  

, [0,1] :

, , , [0,1] :

a b a b b a

a b c d if a c and b d a b c d

    

       

 In case III, f  has two factors 1h  and 2h , and 

we can convert each vector 

),...,,( 21 nxxxx 
 into two sub-vectors 

),...,,(
121 njjj xxxx 

and 

),...,,(
221 njjj xxxx 

 such that 

)()()( 21 xhxhxf  . 

In this paper, we study optimizing the 

reducible objective function with monotone 

factors subject to the general FRI constraints 

in which an arbitrary continuous t-norm is 

used to define the fuzzy relational 

inequalities. Also, we compare some 

relationships between the general results 

obtained in this paper and similar results in 

the special cases obtained (special cases 

either with regard to their objective functions 

such as linear programming, or regarding 

their feasible regions such as FRE or FRI 

constraints defined with particular 

continuous t-norms) in some previous 

papers. 

The remainder of the paper is 

organized as follows. Section 2 take a brief 

look at some basic results on the feasible 

region of problem (2) in the general case. In 

section 3, a modification operation is given to 

accelerate the resolution process of the 

problem. Also, the necessary and sufficient 

condition is presented to realize whether 

problem (2) is feasible or not. In section 4, 

problem (2) is completely resolved. Finally, 

we give five examples in section 5. 

Some basic properties of problem 

Definition (1): For each 1i I
, we set 

 
1 1

1 ( , ) { [0,1] : }i n

i i i iS a b x a o x b  
. 

Similarly, for each 2i I
, we define

2 2

2 ( , ) { [0,1] : }i n

i i i iS d b x d o x b  
. Also, 

1 1

1 ( , ) { [0,1] : }nS A b x Ao x b  
, 

2 2

2 ( , ) { [0,1] : }nS D b x Do x b  
. 

Furthermore, 

1 2 1 2( , , , ) { [0,1] : , }nS A D b b x Ao x b Do x b   

Definition (2): We set  

}),(:]1,0[{sup),(max bxatxbax nt 

.By the identity law and the monotonicity 

properties of t-norms, 
1),(max baxt

 where 
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ba  . Moreover, from relation (3) and the 

identity law of t-norms, the vector 

n 1]0,...,0,0[0
 is obviously the single 

minimum solution of the inequality 

1

i ia o x b
, 1Ii . Thus, the zero vector 0  

is the single minimum solution for 
1Ao x b

. Also, Definition 3 below gives the single 

maximum solution of the inequality

1

i ia o x b
, for each fixed 1Ii . 

Definition (3): Define ],...,,[ 21 n
iiii xxxx


  

where 
),( 1

max iij
t

j
i baxx 


. 

Corollary (1): 
],0[),( 1

1


 xbaS i

ii

i

, 1Ii . 

Proof. See Remark 2.5 in [15].  

Lemma (1): ],0[),( 1

1


 xbAS  where 

}{min
1






 xx i

m

i  . 

Proof: The proof is easily obtained from 

Corollary 1 and the equation 


1

),(),( 11

1

Ii

ii

i baSbAS




.  

It can be shown by (4) , the identity law and 

the monotonicity of t-norms that for each

2Ii , the inequality 
2

i id o x b
 has a 

feasible solution iff there exists at least some 

Jj   such that iij bd 2
. Also, if this 

condition is satisfied then n 1]1,...,1,1[1
 is 

the single maximum solution of the inequality 
2

i id o x b
. Then, we have Corollary 2 below. 

Corollary (2): For each 2Ii ,

),( 2

2 ii

i bdS
 if there exists at least some 

Jj   such that iij bd 2
. Also, 

),(1 2

2 ii

i bdS
 is the single maximum 

solution iff 
),( 2

2 ii

i bdS
. 

Definition (4): We set  










ba

babxatx
bax

n

t
}),(:]1,0[{inf

),(min

From Definition 4, we have bbaxt ),(min  if 

ba  . Because, if ba   and bbaxt ),(min , 

we have  

bbaxbaxtbaxat ttt  ),()),(,1()),(,( minminmin

which contradicts bbaxat t )),(,( min . 

Definition (5): Let 
}:{ 2

iiji bdJjJ 
. 

For each 2Ii  and iJj 
 we define 

])(,...,)(,)([)( 21 n
iiii jxjxjxjx



 where 












jk

jkbdx
jx iij

t

k
i

0

),(
)(

2

min

 

By (4) and Definitions 5 and 6, )( jxi


 is the 

feasible minimal point in the set 
),,( 2

2 ii

i bdS

2Ii  and iJj 
. Also, we have Corollary 3 

below that is proved in a similar manner to 

that of Corollary 1. 
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Corollary (3): If 
),( 2

2 ii

i bdS
, then

]1,)([),( 2

2 
iJj

i
ii

i jxbdS





, 2Ii  

Definition (6): Let ))(,...,)2(,)1(( leeee  

such that iJjie )(
, 2Ii , and let E  be 

the set of all the vectors e . We define 

}))(({max)(
2

iexex i

Ii








 

Lemma (2): 

]1,)([),( 2

2 
Ee

exbDS





. 

Proof. The proof is obtained in a similar way 

to that of Lemma 1 using Corollary 3 and 

Definition 6.  

Remark (1): From Corollary 2 or Lemma 2, 

),( 2

2 bDS  if ),(1 2

2 bDS . Also, if 

there exist some 2Ii  and iJj 
 such that 

0),( 2

min jij
t bdx

, we have 
n

ii

i bdS ]1,0[),( 2

2 
. Therefore, in this case, 

we can remove the i th row of matrix D  

without any effect on the set of solutions. 

 From Lemmas 1 and 2, ),,,( 21 bbDAS  

if 

  



)]1,)([(],0[),(),( 2

2

1

1

Ee

exxbDSbAS

 

which means ),,,( 21 bbDAS  iff 

),( 2

2 bDS  and there exists at least 

some Ee  such that 


 xex )( . The 

following theorem formulates this fact and 

determines the shape of the set of feasible 

solutions. 

 

Theorem (1):  

(a) ),,,( 21 bbDAS  iff ),( 2

2 bDSx


. 

(b) If ),,,( 21 bbDAS  then 


Ee

xexbbDAS



 ],)([),,,( 21

where 

})(:{


 xexEeE . 

Proof: See Theorems 2.3 and 3.1 in [15].  

 From Theorem 1, if ),,,( 21 bbDAS  then 

it is determined by the single maximum 

solution and finite minimal solutions. Also, in 

order to find the minimal solutions it is 

sufficient to consider only vectors Ee  . 

Actually, some selections of the vectors e  

result in generating vectors )(ex


 which are 

infeasible. For an efficient method, it would 

be better to realize the vectors e  

constructing the feasible vectors )(ex


 before 

generating the solutions )(ex


. Such vectors 

are distinguished by the property stated in 

Lemma 3 below. 

Lemma (3): Ee   iff 

)(
2

)(min ),( ieiiei
t xbdx




, 2Ii . 

Proof: Suppose Ee   and jie )(  for a 

fixed arbitrary 2Ii  . Since Ee   we have 






 xiexex i

Ii
}))(({max)(

2 , which implies : 

jj
i

Ii
j xiexex 











 }))(({max)(

2                        (5)  
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Let 
})(:{)( 2 jieIieI j
 . Then, from 

Definitions 5 and 6 and the fact that jie )(  

for each 
)(eIi j

, we have 
0))(( 



j
i iex

,

)(eIi j
, and

2 2

min min ( )( ( )) ( ) ( , ) ( , ) , ( )t ti i
j j ij i ie i i jx e i x j x d b x d b i I e

 

   
    

Therefore, (5) is converted into : 

2

min ( )
( )

( ) max { ( , )}
j

t
jj ie i i

i I e
x e x d b x







 

         (6) 

Relations (6) require 
),( 2

)(min iiei

t bdx )(iex


, 

)(eIi j
. Now, since 

)(eIi j
 then 

 ),( 2

)(min iiei

t bdx )(iex 


. Since this inequality 

holds for each 2Ii  , then the necessary 

condition is proved. Conversely, suppose

)(
2

)(min ),( ieiiei
t xbdx




, 2Ii , and fix an 

arbitrary Jj  . If 
)(eI j  then jie )( ,

2Ii , which implies 
0))(( 



j
i iex

, 2Ii  . 

 Then, 

( ) 0 jjx e x


 
                                               (7)  

Otherwise, if 
)(eI j , we have 

2

min
( ) ( ) ( )

2

min ( )
( )

( ) max{ ( ( )) } max{ ( ) } max{ ( , )}

max{ ( , )}

j j j

j

ti i
j j j ij i

i I e i I e i I e

t

ie i i
i I e

x e x e i x j x d b

x d b

 

  



  



Now, since we have 
)(

2

)(min ),( ieiiei
t xbdx




, 

2Ii , from the assumption, then 

)(
2

)(min ),( ieiiei
t xbdx


 jx


 , 2)( IeIi j 

, 

which requires 
}),({max 2

)(min
)(

iiie

t

eIi
bdx

j jx


 . 

Therefore, 

 




jex )( jx


                                                     (8)  

Since Inequalities (7) and (8) are satisfied for 

each Jj  , then 


)(ex

x , which implies 

Ee  . Then, the sufficient condition is 

proved.  

Corollary (4): In order to accelerate the 

finding process of the solutions )(ex


 for each 

2Ii , we can reduce set iJ
 by removing 

each iJj 
 such that 

jiij
t xbdx


),( 2

min  , 

before selecting the vectors e  to construct 

such solutions as )(ex


. 

By Lemma 3 and Corollary 2, the conditions 

for selecting Ee   are iij bd 2
 and 

jiij
t xbdx


),( 2

min , for each 2Ii  and 

Jj  . If the max-min composition is used as 

a continuous t-norm in Problem (2), then the 

above conditions will be converted into 

iij bd 2
 and ij bx 2



 or, equivalently, into 

iijj bdx 2


 used in the definition of the 

characteristic matrix nmijcC  )(
 and 

Theorem 2.2 in [8].  
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Definition (7): Let nlijmM  )(
 be a matrix 

whose components are defined as follows for 

each 2Ii  and each Jj  










otherwise

bdbdx
m iijiij

t

ij

22

min ),(

 

We construct the modified matrix 

nlijmM 
  )(

 from matrix M  as follows: 















otherwisem

xbdxandbd
m

ij

jiij
t

iij
ij

),( 2

min

2

 

Corollary (5): By the definition of matrix 
M

, if we set 
}:{ 



iji mJjJ
 and 

},)(:{ 2IiJieEeE i 


 then we 

have ii JJ 


 and E EE  

. 

If equalities replace inequalities in problem 

(2) then matrix 
M  above will be converted 

into one that is in agreement with the 

definition of the minimal solution matrix 


  in 

[70]. Also, if equalities and max-min 

composition replace inequalities and general 

continuous t-norms, respectively, then 

Definition 7 will be equivalent to the well-

known simplified matrix obtained from the 

equivalence operation defined by Lu and 

Fang in Definition 1 and Lemma 2 in [69]. To 

prove that the simplified matrix defined by Lu 

and Fang is actually matrix 
M  and, 

equivalently, to prove that the foregoing 

simplified matrix is equivalent to removing 

vectors e  resulting in infeasible vectors )(ex


, we refer the readers to Lemmas 1 and 3 in 

[39] in which the similar simplified matrix 

has been used with max-product 

composition. 

Theorem (2):  

(a) The i th row of matrix D  can be removed 

without any effect on the set of solutions if 

0ijm
 for at least some Jj  . 

(b) ),,,( 21 bbDAS  if there exists at 

least one 2Ii  such that 
ijm

, Jj . 

(c) ),,,( 21 bbDAS  iff for each 2Ii  

there exists at least one 
Jji   such that 



iijm
. 

Proof: (a) and (b) are obtained from Remark 

1 and Corollary 2, respectively. (c) From part 

(b) of Theorem 1, if ),,,( 21 bbDAS  then 

E . Fix a vector Ee  . By considering 

Lemma 3, we have 
)(

2

)(min ),( ieiiei
t xbdx 



 
, 

2Ii . Thus, from Definitions 7 and 8 we 

have 


 )(ieim
, 2Ii . Then, for each 

2Ii  there exists 
)(ieji


 such that 



iijm
. Conversely, suppose for each 

2Ii  there exists at least one 
Jji   such 

that 


iijm
. From the definition of matrix

M , we certainly have ii Jj 
 and 

ii
jiij

t xbdx


),( 2

min  

For the vector ))(,...,)2(,)1(( meeee  , we 

set ijie  )(
. From (5) and Definition 6, 


 xex )( . Thus Ee   and 

(5) 
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E

xex



],)([

, which implies 

),,,( 21 bbDAS  by Theorem 1.  

Theorem 3 below shows that for finding the 

vectors e  for generating the feasible 

solutions )(ex


, we can use 
E ( E ) instead 

of E  as the search domain, which accelerates 

the finding process of the feasible solutions

)(ex


. 

Theorem (3): Suppose ),,,( 21 bbDAS . 

Ee  iff 


)(ex ),,,( 21 bbDAS . 

Proof: Suppose
Ee . Then we have 


 iJie )(

, 2Ii . Also,


)(iiem
, 2Ii , 

which implies 
)(

2

)(min ),( ieiiei
t xbdx




,

2Ii . Now, by considering a fixed Jj  , 

we have 




jex )( 



}))(({max

2

j
i

Ii
iex

 





}))(({max

)(
j

i

eIi
iex

j

}),({max 2

)(min
)(

iiie

t

eIi
bdx

j

)(iex


 jx


 . 

 Since these inequalities are satisfied for each

Jj  , then 




jex )( jx


, Jj  , which 

implies 


 xex )(  and then )(ex


),,,( 21 bbDAS  from part (b) of Theorem 

1. Conversely, suppose
Ee . Then there 

exists some 2Ii   such that


 iJie )(
. 

Therefore 


 )(ieim
 which implies 

 ),( 2

)(min iiei

t bdx )(iex 


. Now, we have:  





)()( ieex 




}))(({max )(

2

ie
i

Ii
iex 




)())(( ie

i iex

 ),( 2

)(min iiei

t bdx )(iex 


. Hence, 


)(ex 
x , 

which requires 


)(ex ),,,( 21 bbDAS  by 

Theorem 1, part(b).  

Optimizing reducible functions with 

monotone factors 

As mentioned, a reducible function with 

monotone factors can be interpreted as cases 

I, II and III stated in the first section. Clearly, I 

and II are special cases of III. In case III, we 

convert problem (2) into two sub-problems 

as follows: 

1

1

2

min ( )

[0,1]n

h x

Ao x b

Do x b

x





                                              (*1) 

2

1

2

min ( )

[0,1]n

h x

Ao x b

Do x b

x





                                              (*2) 

The following theorem gives the optimal 

solution of problem (2) in each case. 

Theorem (4): Consider problem (2) and 

suppose that f  is defined on 

),,,( 21 bbDAS .  
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a) If there exists an increasing function 

]1,0[]1,0[: 1

1 
n

h  such that nn 1  and 

fh 1 , then )( 
ex  is the optimal solution of 

problem (2) for some Ee 

. 

b) If there exists a decreasing function 

]1,0[]1,0[: 2

2 
n

h  such that nn 2  and 

fh 2 , then 

x  is the optimal solution of 

problem (2). 

c) Suppose that there exist an increasing 

function ]1,0[]1,0[: 1

1 
n

h  and a decreasing 

function ]1,0[]1,0[: 2

2 
n

h  with distinct 

variables such that 

),...,,(),...,,(),...,,(
221121 2121 nn jjjjjjn xxxhxxxhxxxf  

 where   is a commutative and monotone 

binary operator. If )( 
ex  is the optimal 

solution of (*1), then 
),...,,( 21

  nxxxx
is 

the optimal solution of problem (2), where  

nj
Jjex

Jjx
x

j

j

j ,...,2,1
)(




















 

},...,,{
121 njjjJ 

and 

},...,,{
221 njjjJ  . 

Proof:  

a) Set }:))(({min))(( 11 Eeexhexh 


. 

We show )( 
ex  is the optimal solution of 

(*1). Consider an arbitrary point 

),,,(~ 21 bbDASx  . If 

})(:]1,0[{~ Eesomeforexxxx n 


, 

then the proof is readily attained from 

}:))(({min))(( 11 Eeexhexh 


. 

Otherwise, suppose there is no Ee   such 

that )(~ exx


 . In this case, since 

),,,(~ 21 bbDASx   then by Theorem 1 we have 

xex ~)~( 


 for some Ee ~
. Now, since 1h  is 

increasing, this inequality together with 

}:))(({min))(( 11 Eeexhexh 


 imply 

)~())~(())(())(( 111 xhexhexhexf 


 

Thus, )())(( xfexf 

, ),,,( 21 bbDASx , 

which proves the statement. 

b) By Theorem1


 xx , 

),,,( 21 bbDASx . Now, since fh 2  is a 

decreasing function, we have )()( xfxf 


 , 

),,,( 21 bbDASx , which proves the 

statement. 

c) Suppose ),,,(~ 21 bbDASx  . By the 

assumptions there exist 
},...,,{

121 njjjJ 

and 
},...,,{

221 njjjJ 
 such that 

JJJ , ,  JJ   and JJJ  . 

Also, 
]1,0[]1,0[:),...,,( 1

1211 

n

jjj n
xxxh

 is an 

increasing function and 

]1,0[]1,0[:),...,,( 2

2212 

n

jjj n
xxxh

 is a 

decreasing function such that 

)()()( 21 xhxhxf  . By Theorem 1 we 

have 


 xxex ~)~(  for some Ee ~
. Then, 
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jjj xxex


 ~)~(
, Jj . Especially, 

jj xex ~)~( 


, Jj  , and 
jj xx


~

, Jj  . 

Then, since 
),...,,(

1211 njjj xxxh   is increasing, 

we have : 

)~,...,~())~(,...,)~(())((
1111 111 nn jjjj xxhexexhexh 








 (*)  

The first inequality is attained from the 

optimality of )( 
ex  in (*1). Similarly, since 

),...,,(
2212 njjj xxxh   is decreasing, we have : 

)~,...,~(),...,(
2121 22 nn jjjj xxhxxh 







            (**)  

Thus, from (*) , (**) and the monotonocity of 

operator  , we have 

))((1


exh  





),...,(

212 njj xxh
 

)~,...,~(
111 njj xxh  )~,...,~(

212 njj xxh 
          (***) 

But, from Remark 1  

))(()( 1

  exhxf ),...,(
212 njj xxh 







 and 

)~,...,~()~(
111 njj xxhxf  )~,...,~(

212 njj xxh 
. 

These equalities together with (***) imply 

)~()( xfxf 

, which proves the statement. 

 

As a special case of the discussions presented 

so far, when )(xf , )(1 xh  and )(2 xh  are 

linear functions, see [41,71,72] in which we 

can write by our notation : 




n

j

jj xcxf
1

)(

, 







n

j

jj xcxh
1

1 )(

 and 
2

1

( )
n

j j

j

h x c x




, 

where 
}0,{max jj cc 

 and 

}0,{min jj cc 

 for nj ,...,2,1  . Also, as 

special case of Theorem 4, see Theorem 2.1 in 

[22]. 

The algorithm below abbreviates the solution 

steps of Problem (2). 

Algorithm. Given problem (2), 

1. Calculate 

xi  , 1Ii  by Definition 3. 

2. Calculate 
}{min

1






 xx i

m

i . 

3. Calculate matrix M  by Definition 7. If 

there exists at least some 2Ii   

such that 
ijm

 , Jj , then stop; the 

problem is infeasible. If there exists 2Ii  

such that 
0ijm

 for some iJj 
 remove 

row i . 

4. Calculate matrix 
M  by Definition 7. If 

there exists some 2Ii  such that 


ijm
 , 

Jj , then stop. The problem is infeasible. 

5. Select the vectors Ee  and calculate the 

vectors )(ex


from matrix 
M . 

6. Find the optimal solution of (*1) from the 

vector )(ex


obtained in step 5. 

7. Calculate the optimal solution of Problem 

(2) by Theorem 4. 
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Numerical examples: 

Example (1): Consider the problem below 

with the Lukasiewicz t-norm 

 

 

1 2 3 4min ( ) 3 4 2

0.96 0.9 0.4 0.1

0.5 0.2 0.25 0.75 0.9 0.5 0.3

0.2 0.5 0.34 0.8

0.93 0.41 0.8 0.2

0.46 0.78 0.63 0.55 0.82 0.43 0.25

0.32 0.87 0.32 0.1

[0,1]n

f x x x x x

o x

o x

x

   

 
 


 
  

 
 


 
  

  

where max{ 1,0}xo y x y   . In this 

example, we have 

 11194.01 

x ,  75.01112 


x ,

 5.096.08.013 

x  and then the 

maximum solution is 

 5.096.08.094.0

x . Also, we have  























93.038.093.0

88.08.065.097.0

89.0

M

 

 
























93.038.093.0

8.065.0

89.0

M

 

This example is feasible by considering 

matrix 
M  by part (c) of Theorem 2. By 

selecting the vectors e  from matrix 
M , the 

vectors )(ex


 are obtained as follows such 

that Ee  . 

 0065.089.01 

x  , 

 08.0093.02 

x , 

 08.038.089.03 

x  , 

 093.0089.04 

x  . 

The two feasible vectors 

 0065.093.05 

x  and 

 093.065.089.06 

x  are not actually the 

minimal solutions. However, they are 

removed by pairwise comparison.  

Furthermore, }3,1{J , }4,2{J , 

),( 31 xxx 
 and ),( 42 xxx  . Also, 

]1,0[]1,0[: 2

1 h  and ]1,0[]1,0[: 2

2 h  

where 31311 3),( xxxxh 
 is an increasing 

function and 42422 24),( xxxxh   is a 

decreasing function. Finally, 

)()()( 21 xhxhxf   is a reducible function 

with monotone factors. By comparing the 

values of the objective function at the 

minimal solutions in sub-problem (*1), we 

find 


 xex 1)( . Thus, from Theorem 4 : 

 5.008.089.0],,,[],,,[ 43
1

21
1

4321 
 xxxxxxxxx

 and then 53.1)( xf  

For more examples on the linear 

programming problems subject to FRE or FRI 

constraints, see also [41,43,45,71,72]. 
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Example (2): With the same assumptions as 

in Example 1, we define  

)6()12()1()3()(
7

4

2

3

4

2
2

1

1


 xxxxxf

 where ""  and ""  denote min operator and 

max operator, respectively ( see also [38] ). 

For this example, }2{J , }4,3,1{J , 

2xx   and 
),,( 431 xxxx 

. Then, we have 

]1,0[]1,0[:1 h  and ]1,0[]1,0[: 3

2 h  

where )1()( 221 xxh  an increasing is 

function and 

)6()12()3(),,(
7

4

2

3
2

1

14312


 xxxxxxh

 is a decreasing function. Finally, 

)()()( 21 xhxhxf   is a reducible function 

with monotone factors. By comparing the 

values of the objective function at the 

minimal solutions in sub-problem (*1), we 

have )()( 42


 xorxex . Thus, from 

Theorem 4 we have  

 5.096.0094.0],,)(,[],,,[ 432
4

2
2

14321 
 xxxorxxxxxxx

 and then 6)( xf . 

Example (3): With the same assumptions as 

in Example 1, we define 
1

32
)(

24

31






xx

xx
xf

  

So, }3,1{J , }4,2{J , 
),( 31 xxx 

 and 

),( 42 xxx  . Also, ]1,0[]1,0[: 2

1 h  and 

]1,0[]1,0[: 2

2 h  where 

31311 32),( xxxxh 
 is an increasing 

function and 
1

1
),(

24

422



xx

xxh

 is a 

decreasing function. Finally, 

)()()( 21 xhxhxf   is a reducible function 

with monotone factors. By comparing the 

values of the objective function at the 

minimal solutions in sub-problem (*1), we 

find 


 xex 1)( . Thus, from Theorem 4 we 

obtain 

 5.008.089.0],,,[],,,[ 43

1

21
1

4321 
 xxxxxxxxx

 and then 173333333.3)( xf  

Example (4): Consider the problem below 

with the Yager t-norm : 

 

 

1 2 3 4min 0.5 3

0.89 0.35 0.4 1
0.4 0.63

0.62 1 1 0.42

0.5 0.4 1 0.13

0.2 1 0.2 0.2
0.4 0.2 0.32 0.6

0.11 0.03 1 0.3

0.1 1 1 0.8

[0,1]n

cx x x x x

o x

o x

x

   

 
 

 

 
 
  
 
 
 



where 
1

1 min{1,( (1 ) (1 ) ) }, 1p p pxo y x y p     

. In this example, we have 

]4.011)11.0()6.0(1[1 p ppx 


,

]163.063.01[2 

x , and then the 

maximum solution is 

]4.063.063.0)11.0()6.0(1[
p ppx 



. Also,  



Optimization of the reducible objective functions with monotone factors subject to FRI constraints 
defined with continuous t-norms. 
 

Archives of Industrial Engineering                                                                    15 

 





























p pp

p pp

M

)2.0()4.0(16.06.0

32.0

1162.01

4.01)5.0()6.0(1

 





























6.06.0

32.0

62.0

4.0

M  

This example is feasible by part (c) of 

Theorem 2. Also, two vectors 

 06.062.001 

x  and 

 04.062.002 

x  are generated. By 

pairwise comparison, the solution

x1

 is 

removed and the solution 

x2

 is introduced as 

a single minimum solution. Therefore, 


 xex 2)( . Moreover, }3,2,1{J ,

}4{J , 
),,( 321 xxxx 

 and 4xx  . 

Also, ]1,0[]1,0[: 3

1 h  and ]1,0[]1,0[:2 h  

where 3213211 35.0),,( xxxxxxh 
 is an 

increasing function and 442 )( xxh   is a 

decreasing function. Finally, 

)()()( 21 xhxhxf   is a reducible function 

with monotone factors. Thus, Theorem 4 

implies 

 4.04.062.00],,,[],,,[ 43
2

2
2

1
2

4321 
 xxxxxxxxx

 and 86.1)( xf  

Example (5): With the same assumptions as 

in Example 4, we define  

)
12

1
()

4

1
()

2

1
()1()( 3

4

2

3

2

21

  xxxxxf

where ""  and ""  denote min operator and 

max operator, respectively. In this example, 

}2,1{J , }4,3{J , ),( 21 xxx   and 

),( 43 xxx 
. Also, ]1,0[]1,0[: 2

1 h  and 

]1,0[]1,0[: 2

2 h  where 

)
2

1
()1(),( 2

21211 xxxxh 
 is an 

increasing function and 

)
12

1
()

4

1
(),( 3

4

2

3432

  xxxxh
 is a 

decreasing function. Finally, 

)()()( 21 xhxhxf   is a reducible function 

with monotone factors. Since

x2

 is a single 

minimal solution (and then single minimum 

solution) we have 


 xex 2)( . Therefore, by 

from Theorem 4 we attain  

 4.063.062.00],,,[],,,[ 432
2

1
2

4321 
 xxxxxxxxx

 and 5.0)( xf  
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